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One of the nuclear atomic models represented by Skyrmion was the Skyrme
model. This model was a modified nonlinear sigma model with a Skyrme field
where the classical solution use generalized sixth order terms and potential
terms. The binding energy that will be studied in the Skyrme SU(2) model is to
generalize the second order nonlinear sigma model terms with sixth order
derivative terms. The Lagrangian will be obtained for these two terms to find the
BPS (Bogomolny Prasad Sommerfield) solution for the profile function
numerically. The result of numerical calculation will be used to calculate static
energy and rotational energy, where the characteristic of the nucleus can be
observed from these two energies. Furthermore, the value of the coupling
constant in the Lagrangian Skyrmion will be calculated from the static energy and

rotational energy obtained previously. These values are expected to help in the
application of Skyrme model for many research physics field.
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INTRODUCTION

Generally the universe follows nonlinear phenomena. In this category, the nonlinear
phenomena solutions from nonlinear equations are solutions that describe the nonlinear dynamics
of the system. For solve this case, soliton is one of the nonlinear equation solution used (Blanco-
Pillado, 2009).

Soliton generated in solitary waves (a wave packet or pulse) that maintain their shape and
propagate at a constant speed. Soliton founded in many physics phenomena, which appeared as
solutions of partial differential equations of dispersive effects and weak nonlinear effects that
describe physical system. Mathematically, a soliton is a classical solution of a nonlinear partial
differential equation that has finite total energy, localized in space, stable, and does not spread. The
energy density distribution profile corresponds to a pulse centered in a finite spatial range (Hadi et
al., 2004).

Soliton phenomenon emerged when the quantum field theory that was developing at that time
became popular. Physicists and mathematicians began to study classical field equation in nonlinear
form, and interpreted some solutions as strong candidates for particle theory. Some of the particles
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studied are different from previous particles, where their characteristics determined by classical
equations and can be systematically treated using quantum corrections (Atmaja & Ramadhan, 2014).

One of the soliton in three dimension is a Skyrmion, which are candidates for the soliton
description of the nucleus with the number of soliton identified as baryon number (Wong, 2002). The
Skyrme model is a modified pion nonlinear sigma model with Skyrme field, U(¢;x), and its classical
solution known only through numerical computation. Although it does not include quarks, this model
can be considered an approximation of low effective energy QCD theory so that the quark color
number becomes very large (Naya & Sutcliffe, 2018). This became Skyrme's motivation in developing
this model.

Most of the Skyrmion are applied in electromagnetic theory. One application is the concept of
magnetic fields in an electronic device (Finocchio et al, 2016). Quantum-based telecommunication
devices, radar, or devices related to semiconductors makes Skyrmion one of the strong candidate
concepts in the development of advanced materials (Luo, 2021).

The Skyrme model proposed by T.H.R. Skyrme does not have a BPS (Bogomolnyi-Prasad-
Sommerfield) solution. However, by generalizing the Lagrangian model added a squared baryon
current term L¢ and a potential term Ly, the results of analytical calculations from the Skyrme model
obtained a solution that is close to BPS. These results make the model can be called as BPS Skyrme
Model. The BPS Skyrme model describes the existence of an energy contribution that analogous to
the binding energy in the nuclear model, where the contribution of the nuclear number A in that
model is analogous to the baryon number (Hadi & Wospakrik, 2004).

The Skyrmion model attempts to explain certain properties of baryons such as their masses
and magnetic moments. These Skyrmions have intriguing applications in magnetism, particularly in
spintronics (an area focused on utilizing electron spin for technology). In potential uses like magnetic
sensors, they could be pivotal for military navigation systems. These systems would boast highly
sensitive magnetic sensors due to the distinct stability and properties of Skyrmions (Li et al, 2023).
Such capabilities could be essential in various navigation scenarios, particularly in environments
where GPS signals might be unreliable, like marine or specific land-based navigation (Burt, 2002).

This research uses analytical calculation to find out how phenomena occur when calculating
the Skyrme SU(2) model using a generalized Lagrangian, and approaching it with only two terms (L;
and Le). The hedgehog ansatz solution for the matrix U(r) on SU(2) is used for the calculation. From
those analytical calculation, results will be obtained in the form of static energy and rotational
energy. From the static energy and rotational energy obtained, it can be calculate the coupling
constant A in the Lagrangian.

METHOD
The Lagrangian Skyrmion for the Skyrme SU(2) model defined by (Marleau & Rivard, 2000):

Loy =Ly + Ly + Lg + Lo = —aTr[R,, R¥] + ﬁ[RwRV]Z
3 22 (1)

2L Tr([Ru RJIRY, RPI[R,, RH]) = w2V

2
) 1
with constant parameters a = {—’2 and £ = 3207

The BPS solution will be calculated by setting the parameter value a = f = 0. From this
condition, the Skyrmion equation only consists of two terms, namely the 6th order derivative term
Le which is represent the nonlinear sigma term and Skyrme term, and the pion mass term Ly often
referred as the potential term (Marleau, 2004). Our calculation refers to common BPS solution
calculation using modified Lagrangian, where only use the sigma nonlinear 2th order derivative term
Lz and the 6th order derivative term Ls (only S = 0). Calculation of the modified Lagrangian
Skyrmion with L; and L¢ terms indicate that the Le¢ term has the function of stabilizing the soliton
solution, where this function in the original Lagrangian indicated by the 4th order derivative Skyrme
term Lq.
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Calculation of Static Skyrme Equation
Set the parameter value § = 0 and the pion mass term Ly considered too small that it can be
ignored from equation (1), it will generalize to:

A
L= —aTr[Ry, R¥] = 5= Tr([Ry Ry|[R”, R][Ry, R:]) (2)
Static energy equation can be calculated by deriving in the related energy-momentum density tensor:

AZ
TXO = —gXof — 2ag“Xg"VTr[RH,RV] _ 3@ (gv)(gaagpﬁglﬂ/ + gvagPngﬁgM/

(3)
+gvagpﬁgﬂxgay)’rr[fuvfaﬁfpy]
Where f,, = [Ru, Ry], fap = [Ras Rg) foy = [Rp, Ry ]- From equation (3) obtained:
AZ
T% = =L —2aTr[Rg] = 372 9% 9°*Tr[6fco fob fad] (4)
Definition of £ changed into:
L= _“(RoRo + gabRaRb) - 162 (3gab9Cdfaofodfcb + gabnggeffeafbdfcf) (5)
Explicitly the static Skyrmion equation:
3 2 A ab ,cd ef
Estq = d>xTr|aRg + 31629 949 feafbdfcf (6)
And it can define the rotation Skyrmion equation:
AZ
Erot =—| d®xTr [aRczl + 9ﬁgabngfa0f0dfcb] (7)

Derive the static equation using the coordinate transformation of spherical coordinates with
axial symmetry:

11
0=o0, <Rr 2 [r—z [Rg, [Rr,Re]] m [R¢> [Rr'Rd)]]])

1 171 1
+0g <r_2 Ro =7 [r_z [Re.[Ro, Rell + g [Fo: L% R¢]]D ©)

1 1 1
0o r2sin2 0 Re = 4|r2sinz @ [RT' [R¢' RT]] + r4 sm2 ] [Re' [R¢' Re]]

Where time independent chiral current R, = UTd,U = 0 and using same ansatz of BPS Skyrme
model U(r) (Bonenfant & Marleau, 2010) obtained:

+ R
16 r4

sin g) 912 n2g? sin‘*g] 9)

Esta=47rf Zdr[n <g’2+(n +1)
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In spherical coordinates, the hedgehog ansatz solution was used with the baryon number value n =
1 (Beaudoin & Marleau, 2014). The static energy on equation (9) becomes:

sin 922 sin*
Egq = 471 r2dr [f” ( 242 g) +—n?g"? g

16 r4 (10)

To find the profile function g(r), a scale transformation conducted by eliminating the parameters
contained in the equation (10) with value of r scaled in space coordinates:

1

,E <fng\f>2r (11)
The static energy transforms into:
sin*
Ega = K f dr [rz "2+ 2sin? g+ g'"? " g] (12)
1
anf? 2 : 2 12
Where k = . (f \/_) and define &g, = [ dr [r +2sin?g+g'? ] Equation (12) varied

to g(r) function and condition of stationary action variation §4Es, = 0 will obtained related
Euler-Lagrange equation:

sin? sin 2
i g)_ in2g _ (13)

" 1+Sin4g + g'*sin? gsin2g + /2 1
g - g sin“gsin2g +g'~ = 2
Shooting method and Skyrmion Static Energy Solution

Equation (13) is a nonlinear second order ordinary differential with static energy solution for
Skyrmion Lagrangian calculated numerically using shooting method. The boundary condition from
equation (13) state by set finite value for static energy at r =0 and r=1 and g(r) which
satisfies g(0) = m, g(c0) = 0. This method uses trial and error by suppose g'(r) =a where a
can be predicted from those calculation. Forth order Runge-kutta used in shooting method for
calculation of these solution with iteration steps:

rG+D)=r{)+h
g +1)=g0()+hg'())
ky = hf(r(j) g, g’(i))

ks = hf(ro>+ 590 +g o)—,g )+ )

(14)
o = hf (r() 42,90+ 9G)3,'G) + )
ko =hf(rQ) + h,g(l) +hg' O),g () + k3)
g,(H_l)Zg,(j)+(k1+2k2-gzk3+k4)
Equation (13) become:
d*g r*g"?sin® gsin2g + 2r3g’ (15)

dr? sin* g —r#

The result of these calculation shown in Figure 1.
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Figure 1. Profile function g(r) for equation (13)

Calculation of Skyrmion Quantization and Quantized Rotational Energy
Consider the group element Skyrmion quantization which involves time dependence:

U(r,t) = AQU(D(C(®))r)AT () (16)

With the chiral current R, = UTd,U # 0, so the matrix A(t) and C(t) are time-dependent
unitary matrices (Bonenfant et al, 2012) where:

A(t): C(t) € SU(Z)internal (17)
AAT=ATA=cct=ctc=1 (18)

Insert equation (16) to equation (2) will be given:

1
_QiVijwj (19)

1
_QiUiij - 'QiWijwj + >

E =
rot 2

For inertia tensor Ujj,V;j, W;; defined:

2
—fd3x <2aTr[Tl-Tj] +?6 Tr [[Tl,Rk [Ric, Rl [Rn, T, ]]) (20)
972
AVi; = —€ia€mn f A3 X2 <2aTr[Ran] o Tr |[Ri. Ry ], [Ry, Rq, [R n]]) (21)
I/Vij = €jki .[ d3xxk <20(TT[TiRl] + %TT[[Ti:Rm]: [Rm: Rn]! [Rn' Rl]]> (22)

Where T; = iU'[o;, U]. Using the hedgehog ansatz solution on each inertia tension and considering
theindex i,j = 1,2,3 as Pauli matrices on SU(2) will be given:

) 94> (3n* +1) ,, sin*g
Uit =Uy = —f drsin? g 8a + e 2 g 3 (23)
912 sin
Vig=Vyy = ? r2drsin? g (2(712 +3)a + Tnzg'2 2 g> (24)
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4t 912 _ sin?
Usz = ?.f r2drsin? g <8a + Tg’z — g> (25)
4 91% _ sin?
=5 r2drsin? g <8a + Tg’z " g) (26)
4m _ 942 _sin’g
Wys = ﬁf r2drsin? g <8a +79 2 " > (27)

Equation (25), (26) and (27) can be written n?Uz3 = nWs3; = V33 on condition n > 2, and
Uz3 = W33 = V33 oncondition n=1.For n>2 W;; =W,, =0,and for n=1;

4 91?2 sin’g
— 2 41 cin?2 2
Wi = 3 r<dr sin g<8a'+ 2 g ") >

(28)
Rotational energy on equation (19) rewritten as:

1 Wy, ? 1 1
Erot = 5| Vi1 — — (wf + w3) + 5 (25 — w3)?Usz + =
2 U, 2

2

2
2% ) ( 2% )
0 - w?) +(02,— w3 29
( T 2= @2 (29)
Calculate equation (29) by condition K2 =1%2 = i(i + 1) and L? =]? = j(j + 1), will be obtained:

1[jG+1) i(i+1) 1 1 n?
Ejor = =
rot 2[ U, T

k?%] (30)

Calculation of the coupling constant on hadron mass

Skyrmion static energy equation and rotational energy equation that obtained in previous
calculation will be used to find both finite energy values by considered the profile function g(r).
Based on Einstein energy-mass equation (Adam et al, 2013), by set speed oflight ¢ =1 asanatural
unit, will be given:

L m = Mgeq + Myor = Esta + Evor (31)
3f2A\2 1 1[jG+1) i(i+1) 1 1 n?\ (32)
m = —&tqg T = + +|——————— k3
\/E 2 2 Vll Ull U33 Ull Vll

For find the value of coupling constant A, considered f; =123 MeV experimentally,
Myycieon = 9389 MeV and mger, = 1232 MeV as a values from ordinary atomic binding energy
(Adam etal, 2011), for i and j using Wess-Zumino quantitation (Kopeliovich, 2006) which states

122 . and k3 = 0, lastly for the nucleon spin is % and for the

Skyrmion as fermion so j = 272730

delta spin is % The results of those calculation can be seen in table 1.

Table 1. Coupling constant (1) with set value of nucleon mass and delta mass

Parameter Aq A,

Nucleon 7.575 x 107° 8.303 x

Mass: 989.9 1075
MeV

Delta Mass; 1979 x 107* 1.387 X

1232 MeV 1073
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RESULTS AND DISCUSSION

From equation (13) which produce the profile function graph in figure (1) numerically, shown
that the exact value of the static energy calculation for equation (12). The baryon number used
corresponds to the BPS solution, where E = |B| and B = |n| = 1. The n value is an energy solution
in spherical coordinates which is called a hedgehog solution in the profile function solution to obtain
the minimum energy value for the calculated static energy (Houghton & Magee, 2006). The energy
yield of the profile function is E = 1.086 MeV, which exceeds the BPS binding energy around 8%.
Although this value is not exact as a condition for the BPS solution where E = 1, the result can be
used as BPS Skyrme approximation because it has a lower error rate than the exact energy value
where E = 1.232 MeV.

Equation (30) is similar to the Skyrmion quantization with all the Lagrangian terms in BPS
solution. Only the definition for the Skyrmion moment of inertia at U, V, and W are different, since the
Skyrme term will disappear because we have set the parameter value to be considered very small.
These results indicate that the Skyrmion equation (2) shows the characteristics of rotational motion
in the rigid-body nucleus. However, from these quantization yet not know the characteristics of each
proton and neutron for the nuclear model because rotation and isorotation effects are described in
nucleon (Fortier & Marleau, 2013).

The static energy equation (12) and rotational energy equation (30) can be graphically plotted
for the two respective energies and the total energy from the sum of the two energies with the
relationship of the baryon number n using the numerical solution of the profile function g(r) in
Figure 1.

Figure 2 shown that static energy is directly proportional to n. The greater n then the greater
the static energy, so that the binding energy of the nuclear nucleus will be greater in the case of the
Skyrme model. Whereas the effect of rotational energy has characteristics that are inversely
proportional to static energy. The total energy of static energy and rotational energy show that the
effect of static energy is greater than the effect of rotational energy. Based on nuclear model theory
and classical mechanics, rotational energy describes the movement of the rigid body in the nucleus
where the static energy generated from Lagrangian Skyrme has a role in maintaining the shape of
the nucleus with the minimum possible energy momenta.
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Figure 2. Relation of static energy (Estrik), rotational energy (Erowsi) and total energy from both
(Etota) in MeV unit to Baryon number (n)

The coupling constant parameter A related to the sixth order derivative term L¢. The constant
A is a dimensionless constant that appeared when we stabilize the expanded Lagrangian Skyrmion
equation. In a physical description, A means the interaction that occurs in each nucleon for the given
Lagrangian (Gudnason, 2023).

From Table 1, the best A value which is close to the delta mass value for the nucleon mass set
experimentally can be defined by set A; or A;to equation (32). The calculation shown that Azhas small
error compared to A;, because the delta mass and nucleon mass obtained has literature error
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approximately 17; 9% and 27.8%. If we make a range the best value of 1is 8.303 X 10-5<1<1.387
X 10.3. By taking the best A value from this range using the mean calculation method, obtained Apes:
= 1.108 X 103, with muudeon = 1075.6 approximately error of 14.6% and mgera = 1122.8
approximately error of 8.8%.

CONCLUSION

The results of static energy calculation using the Skyrme SU(2) model with Lagrangian terms
Lz and L¢ have a solution that is close to BPS, where the solution has an error 8% approximately. For
the profile function that produces a solution close to the BPS, we can use it in calculating the
rotational energy.

The rotational energy obtained has the same form as the previous calculation using all terms,
with a different definition of the moment of inertia due to the loss of the L4 term. Rotational energy
also describes rotational and isorotational movement on the rigid body of the nuclear nucleus in the
Skyrme model, though the characteristics of the nucleons described in this model from protons and
neutrons have not yet separated.

The static energy and rotational energy obtained from the modified Lagrangian are the same
physical meaning as using the BPS solution as a description of the binding energy on atomic nucleus.
The effect of static energy is greater than rotational energy in Skyrme model, so that can be use a
representation of the rigid body system in nuclear model with those conditions.

The coupling constant value obtained from those calculation is the best value because it has
the lowest error in calculating the nucleon mass and delta mass. The coupling constant value will
later be compared with the coupling constant value in the Skyrme model binding energy fitting
calculation.

However, calculation of binding energy studied for the Skyrme model are still not enough if
considering the binding energy in the nuclear nucleus does not only consist of static energy and
rotational energy, and all data fitting to obtain the model parameters has not been conducted. The
effect of the calculated Coulomb energy and isospin symmetry breaking energy on the Lagrangian
Skyrmion not included in this calculation. Moreover the surface tension energy in the Skyrme model
has never been discussed before, so further research need to be conducted to study further binding
energy in the SU(2) Skyrme model. It can be provide the information to contribute the research in
some advanced physics application (such as condensed matter material or nuclear and particle
physics).
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